A small-signal model is presented for saturated deep-bar induction machines. Inductances are allowed to saturate as a function of their own current (or flux), and the mutual saturation effect originating mainly from closed or skewed rotor slots is also included in the model. The model fulfills the reciprocity conditions, and it can applied to parameter estimation and to the analysis and development of flux angle estimation methods. The model is applied to estimating the parameters of a 37-kW deep-bar cage-induction machine, using the data from time-stepping finite-element analysis (FEA). The proposed model fits very well to the FEA data in a wide frequency range.
Introduction
Induction machines are usually saturated at their normal operation points. Conventionally, the main flux is assumed to saturate as a function of the magnetising current. However, the load also has a significant influence on the main flux saturation [1, 2] . This mutual saturation originates mainly from closed or skewed rotor slots [3] . The effects of saturation on the transient behaviour are not well known. For example, the dynamic effects of saturation are usually omitted in parameter estimation methods that are based on transient behaviour. Therefore, incremental parameters may be obtained instead of the expected steady-state parameters. In addition, various flux estimation methods are based on the spatial anisotropy induced by saturation [4, 5] . Since the anisotropies depend on both the flux level and the load, they cannot generally be fixed to the position of any single flux component [6] . The small-signal impedance of a saturated machine depends on the direction of the excitation signal. This effect has been modelled for the magnetising inductance in [7] , but only the dependence on the magnetising current has been included in the model. If an induction machine with closed or skewed rotor slots is studied, the model for saturation should be extended.
Another phenomenon that is usually omitted within the small-signal analysis is the skin effect of rotor bars. The skin effect is mostly relevant in the case of deep rotor bars and a double-cage structure. Typically, the skin effect has been included in large-signal circuit models by adding one or more rotor branches in parallel to the basic rotor impedance [8, 9] . The advantage of this ladder circuit model is that the values of resistances and inductances can be interpreted and evaluated based on the knowledge of rotor geometry. The number of rotor parameters may also depend on the application and the accuracy required. An alternative to the ladder circuit has been presented in [10] , where the small-signal rotor impedance is represented by a high-order transfer function. The frequency-domain approach has also been used in [11] , where a part of the rotor circuit is modelled as a non-integer-order system.
Both the magnetic saturation and the skin effect in the rotor bars can be modelled by the time-stepping finite-element analysis (FEA) [12] . The FEA can provide information that is difficult or even impossible to obtain by measurements. Finite-element models for electrical machines are computationally too demanding for many applications, such as comprehensive simulation models and control purposes, but the FEA can be used as a tool for providing the estimation data for small-signal model parameters. In [13] , a small-signal model has been derived for deep-bar cage-induction machines, and the FEA-based numerical impulse response test has been used for parameter identification. However, the effects of saturation are not included in the model.
It is common practice to consider the losses dissipated in the magnetic circuit separately, and to use lossless inductors to model the magnetic circuit as in Fig. 1(a) . The saturable magnetic circuit should fulfill the reciprocity conditions [14, 15] since otherwise the magnetic circuit may unintentionally behave as an energy source or sink. In other words, the energy stored in the magnetic circuit should be independent of the integration path. When relaxing the assumptions relating to the saturation, these conditions must be taken into account.
This paper presents a small-signal model suitable for saturated induction machines that may have closed or skewed rotor slots and deep rotor bars. Inductances are allowed to saturate as a function of their own current (or flux), and the mutual saturation effect is also included in the model. The model fulfills the reciprocity conditions. The skin effect is taken into account by an additional rotor branch, allowing the small-signal behaviour to be modelled more accurately in a wide frequency range. The applicability of the method is illustrated by estimating the parameters of a 37-kW deep-bar cage-induction machine from the data produced by FEA-based numerical impulse response tests.
Machine Model
Vectors will be denoted with boldface lowercase letters and matrices with boldface uppercase letters. The matrix transpose will be marked with the superscript T . The identity matrix, the orthogonal rotation matrix, and the zero matrix are
respectively.
Large-Signal Model
In a general coordinate system rotating at angular speed ω k , the voltage equations of the induction machine are
where 
where L m is the magnetizing inductance. Other inductances are defined by
where
, and L rσ2 correspond to the flux linkage model in Fig. 1 (a). The main flux and the leakage fluxes are
where i r = i r1 + i r2 is the total rotor current and i m = i s + i r is the magnetizing current. Inductances are allowed to depend on the currents (or the fluxes), and they are assumed to be lossless.
Power Balance
For per-unit quantities, the power balance is obtained from (2) as
where i s = ||i s ||, and the magnitudes of other vectors are obtained similarly. The electromagnetic torque is
and the rate of change of the magnetic energy is
The last form is obtained by assuming the flux vectors to be parallel with the corresponding current vectors in accordance with Fig. 1(a) , while the inductances may be functions of the currents or fluxes. Based on (8), the incremental inductances should fulfill the reciprocity conditions:
More generally, the magnetic coupling can be modeled as a multi-terminal (or multi-port) inductor. If a flux-controlled or current-controlled inductor is lossless, it is reciprocal [14] . The incremental inductance matrix associated with a reciprocal multi-terminal inductor is symmetric.
Assumptions on Magnetic Saturation
In the following, L sσ , L rσ1 , and L rσ2 are assumed constant for simplicity, but
cf. illustration in Fig. 1 (b) relating to L m . The following incremental inductances fulfilling (9) are defined:
Assuming the magnetizing current i m constant, the main flux ψ m decreases as the rotor current i r increases. Hence, the incremental mutual inductance L t is usually negative. If needed, the saturation of L sσ , L rσ1 , and L rσ2 could be easily taken into account.
Linearized Model

Preliminaries
In the following, a tilde refers to the deviation about the operating point, and operating-point quantities are marked with the subscript 0, e.g.,ũ s = u s − u s0 . Synchronous coordinates rotating at constant angular speed ω k = ω s0 are considered. The linearized voltage equations are
where the operating-point slip angular frequency is ω r0 = ω s0 − ω m0 . The deviations of the stator and rotor fluxes arẽ
respectively. The linearized torque expression is
The deviation of the magnetizing inductance can be written as
whereĩ m =ĩ s +ĩ r . If no mutual saturation effect is present, i.e. L t0 = 0, the deviationL m of the magnetizing inductance is zero if the current deviationĩ m is perpendicular to the operating point current i m0 . The deviation of the rotor leakage inductanceL rσ can be derived in a fashion similar to (15).
State-Space Representation
The deviations of the inductancesL m andL rσ can be inserted into (13) . Furthermore,ĩ s andĩ r can be solved from (13) and inserted into (12), leading to a linear multiple-input state-space representation
where the state vector and the input matrices arẽ
The state matrix is
where the inductance matrix is defined as
The matrix L is symmetric due to the reciprocity conditions, and its last three terms originate from saturation.
Here, the stator current, the rotor currents, and the torque are chosen as output variables,
where the output matrices relating to the currents are
and the output matrix relating to the torque is
in accordance with (14) . The system can easily be analyzed using conventional tools for linear systems. If the saturation is not taken into
, and L t0 = 0), the small-signal model equals the conventional space-vector model of the double-cage induction machine.
Steady-State Relations
From (2) and (3), the steady-state condition 
is obtained. The operating-point voltages can thus be determined if the parameters and the operatingpoint currents are known.
In many applications, the stator voltage u s0 , the stator current i s0 , and the stator angular frequency ω s0 are known in the operating point. Furthermore, the rotor windings are typically short-circuited, u r10 = u r20 = [0, 0] T , while the rotor currents are inaccessible. Therefore, it is useful to solve the rotor currents from (23), i.e.
Hence, the magnetizing current i m0 = i s0 + i r0 and the operating-point fluxes needed in the linearized model can be calculated. In addition to the rotor currents, two parameters can be solved from (23). Convenient choices are the rotor resistance and the rotor inductance of one cage:
(25)
If the linearized model is used for parameter estimation or fitting, the information in (23) should be used to avoid inconsistency with the operating-point data. Furthermore, since the number of independent parameters decreases, the fitting procedure becomes easier.
Transfer Functions
The stator current can be expressed asĩ s (s) = Y s (s)ũ s (s), where the multiple-input-multiple-output transfer function matrix (or small-signal admittance matrix) is
where I 6 is a 6×6 identity matrix. The expression (27) is valid in any synchronous coordinates. An admittance matrix Y s can be transformed to new synchronous coordinates as In the unsaturated case, the system could be expressed as a complex-valued single-input-single-output transfer function for complex-valued space vectors.
If torsional dynamics are of interest [16, 17] , the transfer function from the rotor speed to the electromagnetic torque is needed. The electromagnetic torque can be expressed asT e (s) = G(s)ω m (s), where the single-input-single-output transfer function is
In a fashion similar to (27) and (29), other transfer-function matrices can be easily obtained using (16) and (20) . 
Results
Parameters of a 37-kW squirrel-cage induction machine were estimated using the numerical impulse response test [13, 18] based on the data obtained from time-stepping FEA [12] . The machine is equipped with deep rotor bars and closed rotor slots; the cross-section of a rotor bar is shown in Fig. 2 . The rating of the machine is: voltage 380 V; current 73 A; frequency 50 Hz; and speed 1470 r/min. The base values are: angular frequency 2π50 rad/s; voltage 2/3 · 380 V; and current √ 2 · 73 A. The rated operating point is considered in the following.
First, the impulse excitation was applied to the three-phase supply voltage and the response of stator current was studied. Within the voltage impulse test, the rotor speed was constant. The impulse test was performed twice with perpendicular impulses: the impulse was first applied toũ sd whileũ sq = 0, and the second impulse was applied toũ sq whileũ sd = 0; the coordinates were fixed to the operating-point stator voltage. The results of time-stepping computations were transformed to the frequency domain using DFT. Since two impulse tests were made, it was possible to calculate all four admittances Y s11 (jω), Y s12 (jω), Y s21 (jω), and Y s22 (jω). The circles and crosses in Fig. 3 show the admittances from the FEA data in the coordinate system fixed to the operating-point stator voltage. If the machine were not saturated, the circles and crosses would overlap.
The admittance matrix (27) of the proposed model was fitted to the frequency-response data obtained from time-stepping FEA. The fitting was based on differential evolution [19] , but other optimization methods could be used as well. To decrease the number of parameters to be fitted, L sσ = 0 and L rσ10 = 0 were fixed [20] . The inductances L m0 , L rσ0 , L mt0 , L rσt0 , and L t0 and the resistances R s and R r1 were allowed to vary freely in the data fitting. These parameters together with the operating-point data (u s0 , i s0 , ω s0 , and ω r0 ) obtained from FEA were used to calculate the operating-point rotor currents from (24) as well as R r2 from (25) and L rσ20 = L r20 − L m0 − L rσ0 from (26). An estimate of the admittance matrix can thus be calculated according to (27) . The cost function used in the data fitting is calculated as the sum of the square errors of the elements in the admittance matrix. The result of the data fitting are presented in Fig. 3 . As can be seen, the model fits rather well to the data. Table I gives the parameters obtained by fitting the proposed model using the FEA data shown in Fig. 3 . The fitted parameters are physically reasonable, and they are consistent with the operating point. For comparison, the parameters obtained by fitting the conventional space-vector model 1 to the frequencyresponse data shown in Fig. 4 are also given; the only operating-point quantities used in the fitting were the angular frequencies ω s0 and ω r0 [13] . The fitted magnetizing inductance L m0 of the spacevector model is between the inductances L m0 and L mt0 of the proposed model. The single-cage model including the saturation was also investigated. It was noticed that the single-cage model can be used only at very low frequencies (ω less than 0.1 p.u.) in the case of this 37-kW machine. Fig. 5(a) depicts the admittances of Fig. 3 at the frequency ω = 0.1 p.u. as a function of the angle ϑ 0 of the coordinate system. When the angle is ϑ 0 = 0, the coordinates are fixed to the operating-point stator voltage. Due to saturation, the admittance matrix depends on the angle ϑ 0 .
The impulse excitation was also applied to the rotor position angle while keeping the supply voltage constant. In this case, the response of electromagnetic torque was studied. The transfer function from the rotor speed to the electromagnetic torque was investigated by applying an impulse to the speed 1 The space-vector model equals the proposed model when Lmt0 = Lm0, Lrσt0 = Lrσ0, and Lt0 = 0 are fixed. while the motor was supplied by a sinusoidal voltage in time-stepping FEA. Transforming this data into the frequency domain, the frequency response shown by the circles in Fig. 5(b) is obtained. For comparison, the frequency response was calculated using (29) and the parameter values obtained by fitting the admittance matrix (Table I ). This transfer function is shown in Fig. 5(b) by the solid line. It can be observed that the proposed model fits very well to the data from the speed impulse test. Hence, the fitted parameter values-obtained from the voltage impulse tests-are consistent with the data from the speed impulse test.
